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MEASURABLE TRANSFORMATIONS ON COMPACT GROUPS(!)
BY

J. R. CHOKSI

ABSTRACT. For an arbitrary finite Baire measure i on an arbitrary
compact group G, it is shown that every automorphism of the measure al-
gebra of ucan be induced by an invertible completion Baire measurable
point transformation of G. If ytis Haar measure, the point transformation
is completion Borel measurable.

1. Introduction. Let p be a finite Lebesgue-Stieltjes measure on the closed
interval I= [0, 1] or equivalently on the circle group T. If ¢ is an automorphism
of the measure algebra of (I, p) it was shown by von Neumann [13] that ¢ is in-
duced by an invertible Borel measurable point mapping T of I which necessarily
preserves sets of measure zero (von Neumann made an additional unnecessary
assumption that ¢ and therefore T are actually measure preserving). The theorem
generalizes to any space which is point isomorphic to a Lebesgue-Stieltjes
measure on the unit interval, e.g. to a finite Borel measure on a Polish (or more
generally a Lusin) space, in particular to a finite Borel measure on I1 1, a € A4,
A countable, each I =1, or on Il T,, a € A, A countable, each T, = T.

Von Neumann’s result was generalized by Dorothy Maharam [12] to the direct
produce II(I, p,), a € A, A possibly uncountable, of normalized measures p on I
Using many of the ideas of [12], plus others, the author ([3] and [4]) generalized
it to an arbitrary finite measure p on the completion of the product o-algebra of
Im1 @€ A, A possibly uncountable, which is the completion of its Baire o-
algebra. (The identical result obviously holds for II T ' € A.) In each case
([12], [3], [4]) essentially the same proofs work for uncountable products of
Polish spaces. (The argument in [4] is correct if all the Polish spaces have
cardinal ¢, but incomplete otherwise. However the general case can easily be
reduced to this one, the necessary additional argument is given below in 35,
after the proof of Lemma 7.) Note that in [3] and [4], Baire and Borel mean com-
pletion Baire and completion Borel.

For any compact Hausdorff space X, if p is a Radon measure on X (i.e. a
finite regular measure on the Borel o-algebra %x) and p, is its restriction to the
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Baire o-algebra fB;, then the measure algebras of pand p, are canonically iso-
morphic. One can therefore ask, for an arbitrary Radon measure p on an arbitrary
compact space X whether, given an automorphism ¢ of the measure algebra, it is
induced by a B, (Borel) or 30 (Baire) measurable invertible point transforma-
tion of X; or more generally one can ask whether ¢ can be induced by a &;X "

30 measurable invertible point transformation, where ‘(BX " fo g are the
Ko
complenons of SSX’ respectively ‘(BX' by p, respectively po. Such transformatxons

will be called respectively Borel, Baire, completion Borel, completion Baire
invertible point transformations. (In [12], [3] and [4] invertible point transforma-
tions are called point automorphisms. Since we are concerned mainly with groups
and since such automorphisms are not necessarily group automorphisms, this
convenient terminology seems inadvisable here.) It is easy to construct X for
which the Baire results are false, see e.g. the introduction to [4]. However there
are X for which the Borel results are also false, see Panzone and Segovia [14,
$s, Example (c)]; a simpler example of this is given in $2 below. Using the
Urysohn embedding procedure of a compact space in IT 1, (or II T ) one sees that
the Borel results must actually be false for arbitrary measures on these product
spaces, which makes it more surprising that, as pointed out earlier, the comple-
tion Baire result is true. One is led to conjecture that the completion Baire
result is true for measures on compact spaces which are '*homogeneous’’ and can
be *‘approximated’’ by compact metric spaces, in particular for compact groups.
In this paper we show that this is true for compact groups (Theorem 1): for an
arbitrary Radon measure m on a compact group G every automorphism ¢ of the
measure algebra of m can be induced by a completion Baire invertible point trans-
formation T of G. If m is Haar measure T is also completion Borel measurable.
The proof consists in using the result of Weil and Pontrjagin that G is a projec-
tive limit of compact Lie groups, and then of generalizing the four key lemmas of
[3] and [4]: Lemma 4 here is the generalization of Lemma 3 of [3], Lemma 7 that
of Lemma C of [4], Lemma 8 that of Lemma 8 of [3] and the proof of Theorem 1
that of Lemma 7 of [3] or the theorem of [12].

In view of a result of C. T. Ionescu Tulcea [8, Chapter X, Theorem 2], one
might be led to conjecture that a completion Borel point transformation inducing
a given measure algebra automorphism always exists for (X, By, ) if (X, $X' )
has the strong lifting property of [8]. That this is false is shown by the example
in $2. The results of [14] and of [8] suggest that it may almost always be possi-
ble to realize a measure algebra automorphism of a Radon measure on a compact
space X, by an invertible point transformation of a thick subset of X, but the
topological character of the measure is almost completely lost in such a result.
In connection with our contention that ‘*homogeneity’’ of X should imply the Baire
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point transformation property we note that Maharam [18] has recently shown that
for any Radon measure m on a compact space X, (X, m)x Il ,(I,, m ) and
M, ,,, m,) ate Borel point isomorphic, where each m_ is Lebesgue measure
and A is “‘not too large’’.

For a compact group G and Haar measure m on G, it would be very interesting
if one could show, not only that every automorphism of the measure algebra ¢ was
induced by a completion Borel point transformation T, but also that T could
further be chosen to be m Lusin measurable. We have no idea whether this is
possible. Some remarks on Lusin measurability of point transformations are made
in §7 of this paper.

My thanks are due to Kohur Gowrisankaran for his valuable criticism of the
exposition of this paper, and to Dorothy Maharam, Shizuo Kakutani and Raghavan
Narasimhan for their constant encouragement and advice during the preparation of
this and the two earlier papers. Thanks are also due to Arthur Stone for pointing
out several topological errors, and to Stelios Negrepontis for showing me the
result given in Lemma 0.

2. A counterexample.

Lemma 0 (Gillman and Jerison [6, p. 137, Example 9H]). Let S be an
extremely disconnected compact Hausdorff space, in particular the Stone repre-
sentation space of a measure algebra, Then every infinite closed (compact) sub-
set of S contains a copy of BN (the Stone-Cech compactification of the positive
integers N), and so has cardinal at least 2€.

Note. S need only be basically disconnected. The proof given is that
sketched by Gillman and Jerison and is included only for completeness.

Proof. Let F be the infinite closed set. Then F contains a copy D of N
(i.e. D is a countably infinite discrete set). Let f be a bounded continuous func-
tion on D. Then we show that f can be extended to a continuous function on S.
By Urysohn’s extension theorem [6, p. 18, Theorem 1.17] it is enough to show
that any pair of sets completely separated in D (i.e. separated by a continuous
function on D) can be completely separated in S. Every pair of disjoint sets in D
is completely separated in D; so let D, D2 cD, Dl n 02 =@&. Let D, =
‘pll’ bipce -}, D “’21’ byyrce *}. There exist pairwise disjoint open-closed
sets Uy, G=1,2; 1-1 2,3, )with p,; € Uyo Let U, = U Upi=1,2.
Then U and U, are open and disjoint; smce S 1s extremely dxsconnectcd U
is both open and closed and U NU,=¢g. Thus U,, U, are separated by openo
closed sets and so are completely sepatatcd in§, so D, C Uyand D,CU, are
completely separated in S.

Since D C F C S and every bounded continuous function on D can be extended
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to S, every bounded continuous function on D can certainly be extended to F, so
BD C BF; further F is compact so BF = F completing the proof,

Theorem 0. Let I be the closed unit interval, m Lebesgue measure on I, S the
Stone representation space of the measure algebra of (I, m), m the measure induced
bymonS. Let X be 1 US with the direct sum topology, so X is a compact Haus-
dorff space and p=Y(m + m) is a Radon probability measure on X. Then

(a) there is a measure algebra automorphism ¢ of p which cannot be induced
by a Borel, completion Borel, Baire or completion Baire invertible point transfor-
mation,

(b) p bas the strong lifting property.

Proof. (a) Let E denote the measure algebra of p, E, Eg those of p, = Vim
and p¢ =Y%m respectively. If e, e, €5 denote their respective unit elements,
e A eg=0,¢e, V eg=e. Since (S, pg) is the Stone representation of (I, )
there is a canonical isomorphism 0 from E (o E s For a€ E P let ¢(a) = 6(a),
for a€ Eg, let ¢(a)= 0"1(11); ¢ extends in an obvious way to an automorphism
of E.

Suppose there exists a Borel, completion Borel, Baire or completion Baire
invertible point transformation T of X inducing 6. Then there exist y measurable
sets 1,C1, SO C S such that

pl ~1p) = p(S ~Sg) =0

and T, =S, sothat p(Sy)=pll)) = %> 0. Hence (since p and its Baire restric-
tion are inner regular) S c?\t‘xtains a closed set of positive measure, which is
necessarily infinite (since m has no point masses) and so by Lemma 0 has cardi-
nal at least 2° (in fact exactly 2°). But I, has cardinal c which gives a contra-
diction.

(b) By a theorem of Ionescu Tulcea [8, Chapter VIII, Theorem 8] there is a
strong lifting p; of (I, p)). Since each element of L™, pg) contains exactly one
continuous function, the mapping p¢ assigning this function to the element is a
strong lifting of (S, pg). Every element f of L*™(X, p) has a unique representation
fr+fs 1€ LZU, 1), [s € L™(S, pg); then p defined by p(f) = p/(f)) + ps(fg)
trivially defines a strong lifting of (X, p).

Note. The argument in the proof of (b) actually shows that tHe strong lifting
property is closed under direct sums. However, for both (I, ﬂ,) and (5, pg) every
measure algebra automorphism is induced by an invertible Borel point transforma-
tion. Thus this property is not closed under direct sums.

3. Projective systems of compact groups. We begin with some remarks on

projective systems of compact spaces. Let A be a directed set and {X), Tai A
1°%2
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ApAy e A} be a projective system of compact (i.e. compact Hausdorff) spaces,
such that the =, , are continuous surjections. Let X = proj lim , X,. Then
the compactness of X, implies that the maps 7,: X — X A are sur;ectxons and in
fact (see e.g. [2, p. 325, Notel) given any dxrected set A'CA,if X3

proj lim ,, X, , then the natural map from X — XX is a surjection. We call a
directed set A o-directed if given any sequence A )‘2' ++« in A, there exists

A €A withd <Aforalln If {X,, LR :A;s A, €A} is a projective system
with A o-directed it is called a o-duected projective system. In the case of com=
pact spaces, by adding to A all equivalence classes of countable directed subsets
A_C A (we say A A are equivalent if proj limy . X, = proj limy . X,),
and to the system {X } tzhe cortespondmg pto,ecuve limits X Ae ¢ and byznoting,
as above, that the maps X — X € and xhe = X) forA € Ac are surjective, we
obtain a new projective system {X,, 7, , :A€ A} with A DA, 7y, still
surjective, A o-directed, but with proj limg X still X. We call this new directed
set and system the o-saturation of the original one.

For any compact space X, % and 3 denote its Borel and Baire o-algebras
respectively, and 53 53x if X is memsable. For any Radon (i.e. finite regular)
measure 7 on Dy, let m denote its restriction to .(Bx. We recall that every set in
.‘B differs from one in ‘(Bx' by a set in fB which is m-null, and thus the measure
algebras of (X, ] ) m) and (X, 93x, m) comcxde. In the sequel we shall be con-
cerned almost entu:ely with Baire measures (which is why we change notation
from the introduction to denote the Baire rather than the Borel measure by an un-
embellished letter).

Next let X = proj lim X, X, compact, and let m be a finite (necessarily
regular) Baire measure on X. If m, =7 (m), then m, is certainly a Baire
measure. Moreover [2, Theorems 2.2 and 2.3] m is the pto;ecnve limit in the
sense of Bochner [, pp. 118-120] of the m,. In fact 8% = (U, ., ;‘(%x )
[2, Theorem 2.3). 3(®) denotes the o-algebra generated by (. If further A is o-
directed, then Uxe AT l(gx ) is itself a o-algebra and so must coincide with
B2, )

Now let G be an arbitrary compact group. All subgroups considered are
closed. Let

$¢ = {H: H a normal subgroup of G such that G/H is Lie},

® =1{H: H a normal subgroup of G such that G/H is metrisable},

® = {H: H a normal subgroup of G}.

Then $,CH C & and all three are directed by the relation H, < H, means
H, CH,. Clearly then H, is normal in H, and G/H = (G/H Y(H /Hz)' We denote

the projection map G — G/H by 7y G/H — G/H, by THH "
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With the above ordering, given any H n H 2 in @o, respectively 5, respectively
®, H; N H, gives a supremum in §, respectively §, respectively &; further
H\H, = H,H, gives an infimum in ) o respectively 9, respecnvely R, thus each
of 50, 35, is in fact a lattice. If H, H,,++ are in &, then n  H, givesa
supremum in &, thus & is also o-directed.

Thus {G/H: H € $} and {G/H: H € §} are both projective systems of compact
metrisable groups. By the theorem of Weil-Pontrjagin ([17, p. 88}, [15, pp. 323~
331))

G = proj lim G/H.

%o

Further it is easily seen that if H, € 50 n=1,2,3,°+*)or if H, € 9
(n=1,2,3,++*)and if Hy <H,< «++ (iie. if H DH Deee), then G/nH
proj lim G/H , so G/nH is memsable and (H 6 9. Thus 9 is also o-
directed (5 o is not). It is now easily seen (again using the theorem of Weil-
Pontrjagin) that 9 is the o-saturation of 9, and so by the earlier remarks we
also have

G = proj lim G/H.
®

We further have, for any K € &,

G/K = proj lim{G/H: He $ (or B ), H D K}
= proj lim{(G/K)/(H/K): H € § (or § ), H D K}

The following elementary corollary of these remarks is used in the sequel.

Lemma 1. If K € &, K £ {e}, then there exists H € § (or even H € ) such
that H D K.

[e = e Will henceforth always denote the identity element of G and not, as
in $2, of a measure algebra.]
We also need an elementary lemma in which the topology of G hardly enters.

The proof is given only for completeness.

Lemma 2. If H, K are normal subgroups of a group G such that H N K ={el,
then

(i) 0: g — (w8> 7 g) defines an isomorphism of G into G/H x G/K; if G is
a compact group then @ is a homeomorphism;

(ii) cosets Hx and Ky of H and K meet in at most one element of G;

(iii) Hx and Ky meet if and only if they project into the same coset of the
normal subgroup HK = KH, i.e. (Hx) N(Ky) £ & if and only if
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Tk, HH%) =m0 T omeg

(iv) if T, and T are bz]ectzons of G/H and G/K respectively and Tis the
bijection of G/H x G/K given by T (TH’ T ), and z/ further THK H © Tyom, =
”HK,K°T omy “”d”HK,H T Ty =Thg.K°© T O”K’ then T(()G) 0G and
soT=0"10To0 gives a bijection of G onto ztsel[.

Proof. (i) The mapping 6§ is clearly a homomorphism with kernel H N K =
{el. If G is a compact group, the continuity of 0 follows from that of its com-
ponents, and a continuous bijection on a compact space is a homeomorphism.

(ii) If (Hx) N (Ky) contains two distinct points, there exist b, € H, k; € K
(i=1,2,) suchthat hx = kyy £ hyx = kyy. So b, =kyx~! (i=1, 2); so b b3t =
kyyx~ xy’lle Lk k2 and since H N K = {e}, we have b =h,, k =k, contra-
diction.

(iii) If (Hx) N (Ky)# & then there exist b € H, k € K such that bx = ky.
We have

HK(bx) = KH(bx) = KHx = KH(Hx) = HK(Hx), = HK(ky) = HKy = HK(Ky),

so HK(Hx)= HK(Ky). Conversely if HK(Hx)= HK(Ky) then HKx = HKy, so there
exist b,, b2 € H, kl’ k2 € K such that blklx = bzkzy and so

kyy = b3 1h1kox = kybyx

since HK = KH. So k;lkzy = byx, ie. (Hx) N(Ky) £ 2.
(iv) If the condition is satisfied then for any g € G,

Tk, H® THC® Ty8 = Ty k ° Ty ° e

and so by (ii) and (iii) the cosets T om g of H and T o an of K meet in
exactly one element g’ and 0g’ = (Tyomyg Typo ﬂ’Kg) = T0g. Thus T maps 0G
into 6G, but as the condition also holds thh THI, TK in place of Ty and

Tys T-1 also maps 6G into 6G, and so T maps 6G onto 6G and 6~ T © @ defines
a bijection of G onto itself proving (iv).

This completes the proof of the lemma.

Now let G be a compact group, 9, $, ® as before. Let m be a Radon
measure on G, m its Baire contraction. (Every finite Baire measure is, of course,
the contraction of some Radon measure.) (If » is Haar measure the completions
of m and m coincide [7, p. 287, Theorem H].) Put my = mym for any H € e, my
is a measure on %G/H (which coincides with "BG/H if HeD). Put Q”
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”;1(332 /H)' Then since 9 is o-directed,

0-8%=-UGH= Unz'®,/)= U mz'Bg,p).
He®D HeD

HeD

Now let E=E denote the measure algebra of (G, B0 »m), Eg /R that of
(G/K, $G/K’ my), K € 8. Let &X be the subalgebra of E consisting of
eqmvalence classes of elements of Q . 7y induces an isomorphism ﬁ of E G/K
and X, Note that since G/le}=G, glel 2 E. Also note that E = UH5$6H

For any compact space X, and Radon measure m, we denote the tespecnve
completions of (X, .‘Bx. m) and (X, $X’ m) by (X, gx ,7»m) and (X, g m? e

0
When there is no danger of confusion we write 3 $x in place of 3 %
respectively. The measure algebra of an incomplete measure and its complenon
obviously always coincide.

Between fBg and its completion .(!3 lies a o-algebra %g m
1]

importance to us: it is the projective hmu o-algebra of the completions 8

of great

G/H,mH
of 93G/H with respect to m,, H € 9, i.e.

go H _ -1(5‘3 )
G,m Hléjgg s"u G/H, my

where §: = ”EI@G/H,mH)' More generally for K€ &

gg/:(, my = U‘"E,’K@cm, ,,.H)= He9, HOK}

and
K -1(QR0
gm =mK (%C/K, mK)'
If He, then B G/H _— $(C);/H.m SBG/H, myy? S0 the two definitions of

H
23’: comcxde. Obviously, E . is the measure algebra of (G, % - m), Eg g of

G/ K, G/ Kym K) and 5'( of (G, §" m) where K € R Since thete is no real
dangex of confusxon we hereafter write 36/,(, 32;/,(, G/K® g for fBG/K e
$G/K.mK G/, @5 respectively and when K ={e} i.e. G/K = G, simply
$0 B0 B. Note that &K ~UICH: He §, H > K.

Lemma 3. (i) If H, K € & then ”HHnK(j‘)’cl.‘(H) and n”, K H nK(gc/K) generate

R0 Hence QH and QK generate 9

G/H nK*®
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(ii) If Hl, H €9 then fBG/H nH, is the completion of the o-algebra gen-
erated by ”H H OH (%G/H )“"d”nz H nH, d,)G/H )
Gii) If H € @, Ke R, then

G/H N K = proj lim{G/H nH: HD K, H € $},

B hnk = Ui”unu Hn K(fBG/Hn;,): HOK Ael,
%g/HnK U{”HHH an(ﬁc/}.’n")i .HDK. ﬁe@!-

Proof. (i) The map g — (7,8, 7, g) defines a homomorphism of G into
G/H x G/K with kernel H N K and so defines an isomorphism 6 of G/H N K into
G/H x G/K. The homomorphism is continuous (since each factor is), so 0 is
continuous, since it is also a bijection on a compact space it is a homeomorphism.
Further if p, p, are the natural projections from G/H x G/K to G/H and G/K
respectively, then THak=Pp° 0 and Ty oKk = Pk 06. Now fﬂg/ﬂ ® $g/l<
is the Baire o-algebra of G/H x G/K and this is generated by pp (‘(BG /i) and

(BG /) Since

B4 /mnk) = 0G/H N K) 0BG/ ®Bg /)

it follows that 0(G/H n K) N p,’_',l(%G/H) and 0(G/H nK) n p;l(ﬁg”() generate
$G(G /H k) from which the first assertion follows at once by taking inverse
images under 6. The second assertion follows from the first by taking inverse
images under 17;,:1 K*

(i) follows from (i) by noting that H, N H, also is in § and that for H € §,
“BG/H = ‘(BG/H and so

aQ 0 Q0
QG/H = %G/H = QG/H'

(iii) Now G/H N K = proj lim{G/H: Hy O H N K, H, € $l.
If Hy€%9, HyOH NK, then put Hy=H; NH, so Hye9, HDOH NK and
we have

HNHyK=Hy(HNK)=H; CH,
{The only nontrivial assertion here is that H N H(')K C H(')(H NK); butif be H

and b = bék, b(')e H('), k € K, then b(')e H since H(')C H, and so k € H, i.e.
ke HNKandsohe H(')(H N K).} Now H(')K €9 and H(')K D K thus the set
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{HNH:He $, H D K}, which is trivially o-directed, is cofinal in {H H,e€ 9,
H, D H N K}. The assertions of (iii) are now immediate.

4. Measurable transformations on projective limits: Invariance. Given a
measure space (X, M, m) let T be an invertible, measurable transformation of
X onto itself (i.e. T™! is also a measurable transformation) such that
m(TZ)= 0 if and only if m(Z)=0. Sucha T always mduces an automorphism qS
of the measure algebra of (X, M, m) by the rule ¢>Y TY for all Y € M, where ¥
denotes the equivalence class of Y. T need not be measure preserving, however
if an invertible measurable T induces a measure algebra automorphism ¢ it
necessarily preserves sets of measure zero and so does its inverse. Accordingly
in the sequel any invertible point transformation T mentioned will always be
assumed to satisfy m(Z)= 0 if and only if m(TZ)= 0. In [12], [3] and [4] such
transformations are called point automorphisms, we avoid this convenient termi-
nology since not every point automorphism of a compact group G in the above sense
is necessarily a group automorphism!

Now let G, @0, 9, 8, E, 5K QK QK be as before.

Definition. (a) Let ¢ be an automorphism of E. K € & is said to be invariant
under ¢ if ¢(5K) &k, ¢ then induces an automorphism ¢ of Eg/ke

(b) Let T be a % measurable invertible point transformation of G. K€ & is

said to be invariant under T if T(§K) = gK.

Note. If both H and K are invariant under ¢ or under T, then so is H N K.

If Ke®, and ¢, is an automorphism of E i tespectively T is a %g/,(
measurable invertible point transformation of G/K, then for K, <K (x.e. K, >K)
we shall speak of K, being invariant under ¢, respectively T, when we should
strictly say that K, /K is invariant under ¢ respectively T this is because
G/K, = (G/KY/(K\/K) and we think of G/K as being the projective limit of G/K,,
K, D K, rather than of (G/KY(K,/K); further what either statement means is
51mply that qSK(g 152 SKI' respectively TK(rrK K&G/K ) =
"K K(%G/K ), where 5 1k is the subalgebra of EG/K consxstmg of equiva-

lence classes containing elements of ﬂK K( G/k.)» Note that if ¢ is an auto-
morphism of E, K is invariant under ¢ and ¢, is the induced automorphism of
Eg/k and K, <K is invariant under ¢ x» then K, is also invariant under ¢; a
similar remark holds for point transformations T.

It seems hardly necessary to point out that in the above definition ¢ is not
in any sense a mapping of the group K. It is perhaps helpful here to forget
momentarily that K is a subgroup and think of it merely as an index in a projec-
tive system.

We now prove an elementary but vital lemma.
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Lemma 4. (@) If ¢ is an automorphism of the measure algebra E of (G, m)
then for any H € 9, there exists H e with H< H and H invariant under .

() If T is an invertible %0 measurable point transformation of G, then for
any H €9, there exists H € $ with H< H and H invariant under T.

Proof. (a) Let Hy=H, let g j=1,2,3,+++, be a countable basis of
EG/H (which exists since H € 9), then b = n'l(a ) i=1,2,3,:¢¢,isa
basis of &0, For each positive integer j and each mteger n, since E =

UuebgH’ there exists an H(n, j) € § such that ¢ (bo,') e EHI, 4o may take
H(O, j) = H, for all j. Now

H- A0 He D
nz-o00 j=1

also belongs to §, Hy < H, and ¢"(b0 )€ &M for all j and n. Now apply the
same argument to a countable basis b of 5”1 to get H > Hl’ H €9, such
that ¢"(b 1) e &2 for all jand n. In thlS way Wwe get a sequence H <H,<:..
in$. Puc H=N_, H. Then H e $; also_¢"(a) € & ifac8” '(r—l 2..-)
and U’ 1 5 r generates g , so ¢"(a) € gH ifae g"; i.e. His invariant under b.

(b) Let Hy=H, let A = 1, 2, 3,+-+, be a separating sequence of genera-
tors of ‘(BG/H » put By "'l(A ) As in the proof of (a), there exists H, € 9,
Hy<H, such that T"(B e o 1forall]—1 2,3, and n=0, +1, £2,++.
Since A i is a separating sequence it follows that T"(ﬂ'lX) s@ 1 for all
Xe 93 and that T"(ry ‘l)(p)) e@’ 1 for all p € G/H, llgnce, using standard
properues of inverse maps, T (7r'1 X)e Q’ 1 forall X € ‘(B’G/H ; SO
T"@Ho) C § 1, Now the proof pn;)ceeds as in (a). °

Corollary. () If K € & and if by is an automorphism of EG/K' then for
any H € 9 with H< K, there exists H € 9 with H< H< K and H invariant under
i

M) If Ke® and if Tyisa %G/K measurable invertible point trans/ormatzon
of G/K then for any H € Sg with H< K, there exists H € 9 with H< H< K and H
invariant under T .

Proof. The proofs are identical to those of the lemma itself, except that
LSRN PP
%0 in the proof of (b).

Note. If T is an invertible B° measurable transformation (preserving null

replace &, E in the proof of (a), T, K@G/H ‘?gG/K replace g

~
.. 0 cee s 0 .
sets), then it is also B° measurable; and if it is a % measurable transformation
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. . 0
then it is also B° measurable. (The converse statements are, of course, false.)

5. Lemmas on compact metric groups. In this section we give three lemmas
each of which has some independent interest. The first of these is just von
Neumann’s theorem.

Lemma 5. If X is @ compact metric (or more generally a Polish) space, m is
a finite Borel measure on X (necessarily Radon) then every automorphism of the
measure algebra of (X, %x, m) is induced by an invertible Borel point transfor-
mation of X.

We now mention a few facts on metric spaces and groups. A Lusin space is
a continuous bijective image, a Suslin space a continuous image of a Polish
space [16, pp. 94-96, Definitions 2 and 3. A continuous image of a compact
metric space is compact, Suslin and hence [16, p. 106, Proposition 4, Corollary
2] metrizable. A compact metric group is either finite or perfect and so of car-
dinal c. If B, and B, are two Borel subsets of a Polish space each of cardinal
c, there exists an invertible Borel measurable bijection R of B, and B, (Kura-
towski [9, p. 451, Remark (i)]).

Lemma 6. Let G be a compact metric group, H a (closed) normal subgroup
of cardinal c, m a finite Borel measure on G. Then there exists a Borel set
Z C G, with m(Z)= 0 and such that Z meets every coset of H in a set of cardi-
nal c.

Proof. Let my» as usual, denote the natural projection G — G/H. By a theo-
rem of Mackey ({11, p. 102, Lemma 1.1}, see also [S, Theorem 1 and Remark 3J)
there exists a transversal (= section) S of G/H in G, which is Borel in G (and is
such that the transversal map r: G/H — G which is the inverse of 7 on S is
Borel measurable). S being a Borel set in a Polish space G is Lusin [16, p. 95,
Theorem 2]. Hence (since H is also compact metric and so Polish) § x H is also
Lusin [16, p. 94, Lemma 4]. Each element of G has a unique representation tb,
t€S, b€ H and so there exists a natural bijection 6: $ x H — G given by (¢, b)—
th,t €S, b € H; since if bn, bh€H, tat€ S, b" — b, t,—t implies t"b” — th
in G, it follows that 0 is continuous.

If b, # b,y by by € H, then Sh N Sh, = @. Since H is compact metric of
cardinal ¢ and UbeH Sh = G, there exist b € H (rn=1,2,+++)such that
U:=1 {bnl is dense in H, m(Sh_) = O for all » and so m(U:=l Sh,)=0. For the
Sh are all disjoint Borel sets in G. If P is the set of b € H such that m(Sh) > 0,
then P is countable, and by the Baire category theorem H - P is an everywhere
dense gs in H. H- P is separable, let b € H - P,n=1,2,3,+, be such

that U:=1 {b,} is dense in H - P; then it is also dense in H, and this sequence
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{6,} has all the required properties. Put L, =Sh , L = U:=l L,solL=
sU,_ (b and LaH=U,_, {h }. L is Borel in G and m(L)= 0. There
exists a (two-sided) invariant metric p, on H. Let

Vo s =th:pyb, 5 )<8l, W = U Sb=5V, ¢
’ bev, &

§xV, s is open in the Lusin space S x H and so [16, p. 95, Theorem 2] it is
Lusin; hence its image W"’ s in G under the continuous bijective map is Lusin
(Corollary to the definition of a Lusin space [16, p. 92, Definition 2]) and so it is
Borel in G [16, p. 101, Theorem 5]. Now

L o0
Dl Wn,1/r=$(g Vn.l/r) =Sh,=L, and m(L,)=0,

so given € > 0, there exists W 5 such that m(W_ )< /2", Put W =
i) , n

Um W".s , V= U:,:l Vn,S . Then W€=SVE, W€ N H = V¢, which is a dense
n n

n= l
open subset of H since it contains U:___l {bnh and m(W€)< e, Put Z =

ﬂ;';, Wl/k, then Z is Borel in G and m(Z) = 0. Further Z N H = n;::l yl/k
is an everywhere dense § 5 of H and so by the Baire category theorem has car-

dinal ¢. But Z = sﬂ;;l V”k, so Z has the same number of elements in each
coset of H (since § is a transversal) and so Z meets each coset of H in a set of
cardinal c.

Our last lemma in this section gives a vital extension property for measure
algebra automorphisms and invertible point transformations of compact metric
groups. We remark that for compact metric groups 9 = &.

Lemma 7. Let G be a compact metric group, H € 9, m a finite Borel (i.e.
Radon) measure on G. Let ¢ be an automorphism of the measure algebra E of
G, 3B G» ™) such that H is invariant under ¢ and so ¢ induces an automorphism
¢y of Eg JH* Let T, be an invertible completion Borel measurable point trans-
formation of G/H inducing ¢y Then there exists an invertible completion Borel
point transformation T of G, inducing ¢ and such thatmy o T =Ty om,.

Proof. We first show that there exists an invertible Borel point transforma-
tion T, on a Borel subset {} C G with m(G ~ Q) = 0, such that T, induces ¢ and
my°T =Tyomn on. Let T, be any invertible Borel point transformation of
G inducing ¢ (sucha T, exists by Lemma 5). For any Borel set X C G/H,

N .
Plag'x) = 751, X)



114 J. R. CHOKSI

(again here X denotes the element of EG/H to which X belongs, ﬁH the canonical

isomorphism &/ to E; y induced by 7,); so
m(Tag (X)) & ag MTR (X)) = 0

for all integers n =0, £1, £2,-++, Let Zy denote this last set, which is
Borel. Let X, (k=1,2,3,::+) be a separating sequence of generators of
$G/H‘ Put Z = U:=l U:;_m Zka, and N = U:;_oo T';Z, then N is Borel
in G, m(N)= 0, T{N = N, and

THag (X)) - N = s (TR(X ) = N,

forall n=0,%1,%2,..+ and k=1, 2,-+-. Hence since X, is a separating
sequence of G/H, for all g, € G/H,

T'{(n,’,l(gl» ~N=ng (T7g,) - N;

and so if Q=G ~ N, then Q is Borel, m(G - Q) = 0 and for g € Q, 7 © T'l'g =
T';l om,g, as required.

We now show how to extend T, from Q to an invertible completion Borel
point transformation of G so that 7y © T =Ty om,. H is a compact metric group,
and so by one of the remarks at the beginning of this section, it is either finite
or has cardinal c.

Case (i). H is finite. Let H have ! elements, then for any g, € G/H,
ﬂ;,l(gl) has I elements. Since T, is bijective on @ and maps © N 17;,1(31) onto
Qn ﬂ;,l(THgl) it follows that Q ﬁu';'l](gl) and 2 N ﬂ;',l(THgl) both contain the
same number I(g,) of elements, 0< I(g,)< /. Thus NN ﬂ;ll(gl) and
NN ”;l(THgl) both contain I - I(g,) elements; let Rgl be any bijection of
N nn;;l(gl) onto N N n;ll(THgl). Define Ton Gby Tg=T g if g€ Q, Tg =
R"H &€ if g € N. T is an invertible completion Borel point transformation of G
with the required properties.

Case (ii). H bas cardinal c. By Lemma 6, there exists a Borel set ZC G
with m(Z)= 0 and such that Z N ”;11(31) has cardinal c for all g, € G/H. Let

[

Q-0- U THQN2)

n=e=0d

Q' is Borel, m(G - Q') =0, TIQ'= Q'and forg e Q’, myoT,g=Tyomyg. Put
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N'=G-Q', then N' is Borel, m(N')= 0, and since N'DZ, N'n n;l(gl) has
cardinal c for every g, € G/H. Thus for every 8, € G/H,N'n ﬂ’-_'l(gl) and

N'n nl'_',l(THgl) are (Borel) subsets of G of cardinal c, so there exists a bijection
Rg1 of N'n ﬂ;"(gl) onto N'ﬁﬂ;ll(THgl). Define Ton Gby Tg=T gif g € Q',
Tg= R”H L ifgeEN '. T is an invertible completion Borel point transformation
of G with the required properties.

Note that if X, and X, are compact metric spaces with X, countably
infinite, the corresponding reformulation of Lemma 7 with G replaced by X, x X,
G/H replaced by X 1» may be false. Thus the modification to Polish spaces of
Lemma C of [4] is actually false if the Polish spaces are countably infinite.
Hence, as remarked in the introduction, the proof in [4], that for a measure p on
the product o-algebra of an arbitrary product IIX , a € A, of Polish spaces X,
every measure algebra automorphism is induced by an invertible point transforma-
tion, is incomplete unless all the X, have cardinal c. To overcome this, we
reduce the general case to this special case as follows. We may assume that
each X has at least two points, and that A is uncountable. Now note that we
can partition A into disjoint subsets 8, such that each § has cardinal X,. If B
denotes the set of subsets 3 of this partition then cardinal (B) = cardinal (A);
and if xB_ HXa_, a € 3, then xB i is a Polish space of cardinal c (since each X
has at least two points). Now the spaces IIX , a € A, and nxA , B € B, are
homeomorphic, the argument in [4] proves the theorem for the latter space and
hence for the former.

If Ty in Lemma 7 is actually Borel measurable, can T be chosen Borel
measurable, instead of just completion Borel measurable? Clearly T is Borel
except on the Borel null set N'; and the fibres N'N ﬂHl(gl) and N'N ﬂ;,l(THgl)
are, by the last remark before Lemma 6, Borel isomorphic, in either case: H
finite or H of cardinal c. But this does not seem to produce a Borel isomorphism
T of N' onto itself satisfying 7y ©T=Tyony. If one could produce such an iso-
morphism, then T could be chosen Borel measurable; this can easily be done in
the case of Haar measure. One could then forget the o-algebras fBG/K’ and dis-
cuss invariance only for Baire measurable point transformations. The transforma-
tions in Lemmas 4, 8 and 9 would then be Baire measurable, the proofs of these
would be simplified and shortened (in the case of Lemma 9 tremendously so), and
one would be able to prove that measure algebra automorphisms were induced by
Baire measurable transformations, not just completion Baire measurable ones.

As remarked above, this can be done for Haar measure.

6. Main lemma and theorems. Our next and most important lemma is the
general (nonseparable) analogue of Lemma 7. Note that if H, € 9, H € 8 then
H<H, implies H € 9.
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Lemma 8. Let G be a compact group, 8, O as before, m a finite Baire measure
on G, ¢ an automorphism of the measure algebra E of (G, fBo, m). Suppose K€ R
is invariant under ¢, so that ¢ induces an automorphism ¢y of E; ;. Suppose
further that ¢, is induced by an invertible g /K measurable point transforma-
tion T of G/K. Suppose /mally that there exists H €  such that K n H = {e}.
Then there exists an invertible fB measurable point transformation T of G which
induces ¢ and is such that ;o T =T om,.

Proof. By Lemma 4(a) there exists H '€ ® with H< H' invariant under ¢.
Since H'C H, H' N K = {e}, there is thus no loss of generality in assuming that
H itself is invariant under ¢. Now HK = KH € & and HK < K, HK< H, so
HK € §. By Lemma 4, Corollary (b) there exists H, € 9, HK< H, <K, such
that H, is invariant under T, and so also under ¢, and under ¢. Put H, =
HNH,. Then H, € 9, and H, is invariant under ¢, so ¢ induces an automor-

phism ¢H1 of EG/HI and ¢H2 of EG/HZ'

. . . 0 @
We next show that TK induces an invertible %G my = '(BG I, measurable
point transformation T, of G/Hl Since H, is invariant under TK’

TK(TT G/H )= ﬂHll K&G/H ), so for each Y € %0 H, = gG/H , there
exists Y € ﬁc/H such that TK(ﬂH KY) Ty K(Y ). Applymg thlS toa
1’

separating sequence of generators of 36 /H (Wthh exists because H, € 9,
i.e. G/H is compact metrisable), we get, using standard properties of inverse

maps, that for each p € G/H,, there exists Z € fB such that
l

TK(ﬂﬁll. kD) = 17;,11. «2),

and so

n,, k= TK‘(n K.

~
T,'<1 is also an invertible %g /K measurable point transformation of G/K, and H,
is also mvanant under TKI. So if Z contains two distinct pomts 9, and qz, then
T Kl (”H k@) and Ty (ﬂ ,k(4,)) are disjoint sets of the form ﬂH KZ Dy K(Z )

both contamed in 7 K(p), whlch is impossible. So Z consists of a smgle point

p' €G/ H andT (rr k)= ﬂH K(p ). Putting p'= =T, pwe get a point transformation
1’

Ty of G/H whxch by an argument similar to that above is easily seen to be a

bijection of G/Hl onto itself, moreover ﬂHl'K °Tg= Ty °omy ,K» SO TH1 and

its inverse are clearly ?EG /i, measurable and THI induces ¢ Hy* the automor-

phism of EG/H] induced by ¢.
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We now see that G/Hz, with the finite Borel measure 7, m, H 1 / H, (a nor-
mal subgroup of G/H,), G/H, = (G/H,(H,/H,), ¢H2, ¢Hl and T"l satisfy the
conditions of Lemma 7 (since Hl, H2 €9 and I'll < H2 ). Hence there exists a
completion Borel invertible point transformation TH2 of G/Hz, inducing ¢ H,

and such that

T 1, ° THy = TH) °TH
We next show that KH, = H,. Now H =H N H, so H DH andH DK,
so H, DKH Further H, CKH Soxfb GH,thenb EKHsob -kbwuh
IceK b€H so b= le'lb €H, (since KCH),sobGH NH= H Thus
b —kbEKHz,l.e. H CKHz,thus H -KH \
Now let T be the buectlon of G/H X G/K given by

Since KNH,CKNH-= {el, by Lemma 2(i), 6: g —(ry &> myg) is a (homeomor-

phic) isomorphism of G into G/H2 x G/K. Since H , = KH,, and we have
4 oT, =T, onmn g oT,, =T, onm ; it follows that if
HI'K K Hl HI'K, HI’H2 H2 Hl Hl.Hz’
gE€G,
TkH,, k° Tk ®™€=Th ° " k°"k8=TH ° ™8

and also
g oT, om =T, oT om =Ty Oomwy g
KH,,H, Hy "H,8="H, Hy,H, H,8="H, " "H,

and thus

w oT,om,=m oT, Oomy .
KH,,K° "K°TK=TKH , H,~ "H," "H,

The same relations hold with T;,:, T,';l, TK in place of TH , TH and TK’ so

~
by Lemma 2(iv) T maps 6(G) onto itself and so T=6"'0T o 0 defmes a bijec-
tion of G onto itself which clearly satisfies mg°T=Tgom, and 1rH2 oT =
T‘le ° ﬂHz.
It remains to show that T and T~ ! are %0 measurable (i.e. map % into
itself) and that T induces ¢. Let H € 9, H D K, H invariant under Ty. Then

HHn H, are both invariant under ¢, let ¢ y b= denote the induced auto-

HNH
morphisms of E G/i respectively E G/TinH." As in the earlier part of the proof,

T induces an invertible 3 G/h measurable point transformation Tﬁ of G/H,
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which induces ¢- and is such that 7= ©oT, =T-on- andson-©°oT=
_H,K H H,K H

T-.o”— SofoeQ ,xe.nXe%G/H,thenn-oFX T—on-Xefﬁ G /i

i.e. TX € Q and similarly T~ x e Q . Further since for X € (3

/\ PaN . N
7_oTX=T_on_X=¢_(n_X)=7_0 ¢(X)
H H H H H H

(where X denotes the equivalence class to which X belongs in the measure algebea

concerned, and 7— denotes the canonical isomorphism E" — E -, it follows
0o o ~h ~H. o1 98y

that TX = X for X € G". Similarly if X€ G 2then TX, T~ 'X € G 2 and

TX = ¢dX. -

«.HnH 1 ’\d‘lnH2 N\ a
Now the set of X € Q 2 suchthat TX, T"'X € § and TX = ¢X,

'\'ITI —\.Hz
forms a o-algebra which includes 6" and § ? and so includes the o-algebra

HﬁH2
generated by them: in particular (Lemma 3) it includes g . Thus for any

HoH, -1 -1, =1
pEG/HNH,mZ  (p)e g and so T(r= (P and T™'@=! ()€
'\«HnH 2 2
Q 2 Soif Ne 53 and m—=  (N)= 0, then T=' (N)) is of the form

G/H H HnH2 ) HnH ,
(Y) YCG/Hn H since there exists N € 536/,7 nH with NC N and
2
" ", (N') = 0, and since 17;'-;’11 (Y)C TﬂH (N")e éHnHZ it follows that
2 ~HnH
Ye ?BG/H Hy and mﬁn (Y) = 0; similarly for T, Thus for every X € §

2
TX, T"'X € g "2 nd TX = 6R.
Now by Lemma 3(iii), since H, NK = fel,

Fo _ u@,‘ﬁ“"% Ae$, ADKY

and since by Lemma 4, Corollary (b), {H: H € §, H D K, H invariant under TKi is
cofinal in {H: H € , H D K} and further is o-directed, we also have

HnH
®o Ulg He$, HDOK, H invariant under T }.

. @o -1y . @0 2 % o
Hence if X € 8°, then TX, T™'X € B° and TX = ¢X, which shows that T has all
the required properties and completes the proof of the lemma.
Corollary. Suppose G, m, ¢, K, ¢ > T satisfy the bypotheses of the lemma.

Suppose H €D is invariant under ¢ and H D K, so that H N K £ K; H N K is
invariant and ¢ induces an automorphism ¢y of Eq iy Then there exists
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~
. . 0 . . .
an invertible QG/HnK measurable point transformation THnK of G/H N K which

induces ¢‘HnK and is such that ”K.H nKo THﬂK = TK O"KJ-'nK'

Proof. Consider the group G/H N K with the finite, Baire measure Tyak™
and the automorphism ¢, of E . . The normal subgroup K/H NnK is in-
variant under ¢, and ¢, . induces the automorphism ¢'K of E /K since
G/K = (G/H N KY(K/H N K). Finally H/H NK is also a normal subgroup of
G/H N K, (G/H N K)/(H/H N K) = G/H is compact metrisable and (K/H N K) N
(H/H nK) = leg ,ani. The corollary now follows by applying the lemma with
G/H N Kin place of G, m, , m in place of m, ¢, in place of ¢, K/H NK in
place of K, ¢ and T unchanged, H/H NK in place of H.

Note. Comparing our proofs with those in [3] and [4] for the product space
S=M1,ac€ A, we see that subgroups H in & correspond to the subsets B of A.
The intersection of two groups in & corresponds to the union of the corresponding
two subsets of A, the product of two groups in & corresponds to the intersection
of the corresponding two subsets of A.

We need one last lemma.

Lemma 9. Let G be a compact group, 8, $ as before, m a [inite Baire
measure on G, ¢ an automorphism of the measure algebra E of (G, %0, m). Let
K;» i € ], be a totally ordered set of groups in & such that

(i) each K]. is invariant under ¢ with ¢Ki the induced automorphism of

Eg /i
(u) each ¢ K, is induced by a % _ measurable invertible point transforma-
tion TK of G/K “

(iii) 1/ 11,]2€]w1tbK <K , then Tk K. OTK. =TK. oMy K. *
ll' 12 p) I 1 ]

If K=, €J ., then K is muanant under ¢, and if ¢K is tbe induced
automorphism of EG/K’ then there exists a %G/K measurable invertible point
transformation Ty of G/K inducing ¢, with T kT =Ty omy forallje].

i’ i i’

Proof. !G/K j € ]} is a projective system. There is a natural continuous
homomorphism from G to proj lim ] G/K whose kernel is K = n K, so there is
a continuous algebraic isomorphism of the compact group G/K to proj lim G/K

which must therefore be a homeomorph:sm. Thus G/K = proj lim G/K So by
(2, Theorem 2.3], BY. ,, = (Y. s K K %G/K’), so §X-2(U,, Q 7)and
&K - U 616 7). Now ¢(&"i)= &K for alljeJ, so p(&K)=8K ie. Kis
invariant under ¢; let ¢, be the induced automorphism of E Gk Since if

K, <K °Tg =Tg ©omp K, » for each g € G/K, the set
) ) 1 non

K.K
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{ Tg ok k8I1€] } forms a consistent family and so corresponds to a point of
proj lxm(GI/K )= G/K. Call this point T g. If g, g, € G/K, g, # g,, then for
at least one j € [, mp ,KE&1 ;éﬂK K82 and so T OrrK Kgl £ Ty OﬂK K&
i.e. K 8, # Trg,e 'llhus Ty 1s’ injective and since 71 is sxmxlarly defined
by TK it is bijective G/Kto G/K. Forall je |, T °1TK K= ﬂK K° Ty.

K;

It remains to show that T, T are §G /K measurable and that TK induces
¢ Ve first show that if H € @(orsé) H DK, then H = n j HK,. Clearly
HCN, jey HK;. Now if g en ; HK,, then for all ,e],g b ;& with b_ € H,
k; € K Smce GxG is compact, the net Gb 1 {k l) ; has an adherent point
(b k) i m G x G, whose image, under the muluphcatxon map G x G — G, must be
an adherent point of {4, kY= {g}. Thus hk = g; further b is an adherent point of
H, so b € H since H is closed, similarly k € Ki for each j € ], and so
ke, K;= K. Thus g € HK=H.

We next consider the case when J is countable. Let H € 9, H D K, then as
we have shown H = n HK For each j€ ], HK €9 so by Lemma 4,
Corollary (b) there ex1sts H 6 9, invariant under T _with HK p) H D) K so
HOH'=N, jel H D K, and since ] is countable, H' € $§ Now, as in the proof

-1
ofLemma81fX€17H K(gc/",),sodoTXandT Xand T X = ¢KX x

is again the element of Eg to which X belongs]. For any finite subset F C J
let H, =N, eF H €$. Then {Hp} is directed and {G/H} is a projective system,
whose projective hmxt is G/H' (the proof is identical with the one given for

{G/ K,}, G/K, at the beginning of the proof of the lemma); so

Bo/mr =2 (LFJ ”E:;,u'(fgc/u,;)) -=( g "H:', n'(ch/H;)) ,

since by Lemma 3(i) $G/H' = E(U ‘e H H'(?’G/H')) Now the set of

xea! Bgpn hthr‘lx’-‘(*B yand T X = 6 %, &
€y G/u1) such that € mp k(B pr) an $ X, forms
a U-algebra which includes 7 K&G /HY) for eachj€ | and so includes the o-
algebra generated by these, which cettm’nly includes ﬂHr (fBG /it Again, as
in the proof of Lemma 8, it includes null subsets of "H' KCBG / H') and so includes
the whole of ﬂH: @G/H') Since "H.K&G/H)C ”H'.K&G/H')we have for

-1
X eng B i TiXo TRX e B2
ment of 9, with H D K, and %G/K —U{nH K@G/H) He®, HOK}yso T, TK

are %G /K measurable and T induces ¢ .
We now consider the general case. Since ] is totally ordered either it con-

and ﬂ = qSK;( H was an arbitrary ele-
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tains a countable cofinal subset ], or it is o-directed. If ] contains a countable
i en K=[],
cofinal subset ], then nl€]°

properties follows by the special case. It remains, therefore, only to consider
the case when | is o-directed. Let H€ $, H D K. Then H = n HK. Again
for each j € J, there exists H € § with HK p) H ) K and H mvanant under

N -
TK . As before if X € 7 @G/H') then so do Ty X T'IX and T X =6, X.

I AN
Thus for X € n5L K&G,HK]), T X, TaX € ", K(?EG,H DC B and T, R=
qSKX. Now since | is o-directed

K,' and the existence of T, with the required

-1
"BG/H = U THK ., H($G/HK.)'
i€l j j

But $G /H s countably generated, so (again since ] is o-directed) there exists
=1 i
o € J such that ‘(BG/H = "HKJ. .H@G/HK. ). Thus every p € “BG/H is of the
0 0
-1 . . R sy
form "HK]. ,H(Z) with Z € $G/HK]. » SO 7y g is a bijection which is con-
0

70
tinuous on the compact space G/H and so is a homeomorphism (and a group iso-

morphism) i.e. G/H = G/HK].o and gG/H = gG/HKjO. So

&k = Ulmg @) HeH, HO KL

= Ulmgk K(SEG,HKi): He$, HOK, je]};
N

and so for arbitrary X € '3\3'0 T, X, TX € %0 and ’I/\X= X i -
Ty G/K* TKY Tk G/kand T X =y X. This con
cludes the proof of the lemma.
[Note. The proof of this lemma becomes much simpler if one assumes Baire
measurability of the T . The proof of the analogous lemma for products of unit

. . . -J
intervals is almost trivial.]

We are now in a position to prove our main result.

Theorem 1. Let G be a compact group, m a finite Baire measure on G,
necessarily the restriction of @ Radon measure m on G to the Baire sets B°. Then

every automorphism ¢ of the measure algebra E of (G, .(Bo, m) is induced by an
invertible completion Baire point transformation T of G, in fact T and T=! are

%0 measurable.

Proof. Consider the family F of ordered pairs (K, Ty) where (i) K€ ® and

is invariant under ¢, (ii) T is an invertible %g sk measurable (and so comple-
tion Baire measurable) point transformation of G/K, and (iii) the automorphisms
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of Eg x induced by ¢ | 6K and by Ty are the same. We say that (K, T )<
(K', To) if K<K',ice. KDOK'and my 10 Tyr= Ty 0wy ron G/K'. This
partial ordering is transitive. We next note that every linearly otdeted subfamily
{(K Ty ) i € J} of F has an upper bound in F. For put K = n » then by
Lemma 9 K is invariant under ¢ and if ¢ is the induced automorphxsm of

E; /> there exists an invertible %G /s boint transformation T of G/K inducing
bk with "K kOTg=Tg O"K K for allje J;ie. (K, Tp)€ 3: and further

(K T ])<(K TK)forall]6]

Now by Lemma 4(a), there exist K € § invariant under ¢, and, since by
Lemma 5 these belong to ¥, it follows that ¥ is not empty. By Zorn’s lemma,
there exists a maximal member (K, T ) of F. To complete the proof of the theo-
rem it is enough to prove that K = {e} and so G/K = G.

Suppose K #£ {e}, then by Lemma 1, there exists H, € § with Hy 2 K. By
Lemma 4(a) there exists H € § invarinat under ¢ and such that HC Hj and so
HPK, ie. HNnK# K. HNK is invariant under ¢, let ¢, be the automor-
phism of E; . induced by ¢. By Lemma 8, Corollary, it follows that there
exists an invertible g. /Hng Measurable point transformation Ty of G/HnN K
which induces ¢, and satisfies Ty HOK ° Tyag=Tk?° TR HAK® Thus
(HNK, Ty € ¥, K£H NKand (K, T )< (H NK, Ty g), contradicting the
maximality of (K, T ). This completes the proof of the theorem.

Corollary. If m is Haar measure on G, then T is also an invertible completion
Borel measurable point transformation of G.

[Note. As remarked at the end of §5, for Haar measure, T can be chosen
Baire measurable and not just % measurable.]

Proof. T, T™! are measurable 330 but Haar measure is completion regular
[7, p. 287, Theorem H] i.e. g comcxdes with B = » the completion of B by .

Combining Theorem 1 thh the theorem of Lampern (10, Theorem 3.1] we get

Theorem 2. Let G be a compact group, m a finite Baire measure on G, i.e.
the restriction of a Radon measure m to the Baire sets B°. Let U be an invertible
isometry of LP(G, 530, m), 1 < p < o, p £2 ora positive invertible isometry of
LG, B°, m). [Note that L?(G, B®, m) coincides with L?(G, B, m).] Then there
exists an invertible completion Baire point transformation T of G such that
(WUH @) = (T~ 'g)alg) with |a(@)? = wr(g) or p =2, ale) = w1/ X(g)), where
w(g) is defined by

m(T=1X) = Ix w7 (g) m(dg)

for all X € B°.
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Corollary. If m is Haar measure on G, then T is also an invertible completion
Borel point transformation of G.

7. Some remarks on Lusin measurability. As remarked at the end of the in-
troduction, it would be interesting to prove, in the case of Haar measure, that the
invertible point transformation T of Theorem 1 could be chosen to be Lusin
measurable, instead of just completion Borel measurable (T"! is then automati-
cally also Lusin measurable). In general, invertible Borel point transformations
need not be Lusin measurable. Let A be an uncountable set, S(4) =111, a € 4,
each I, = [0, 1], p the direct product of Lebesgue measures on I.. S(A) is
compact, p is a finite completion regular (Baire or Borel) measure on it. Let T
be the bijection of S(A) to itself, defined by

(Tx)g = () if (x)g#0 or 1,
(Tx), =1 if &)y =0,
(Tx)a =0 if (X)a = 1,

where (x), is the ath coordinate of x € S(A). As remarked by Maharam [12], T
is an invertible Borel or Baire measurable point transformation which induces the
identity automorphism of the measure algebra of y on S(A), but differs from the
identity map of S(A) on a non p measurable set. (Details of an argument for a
similar example may be found in Ionescu Tulcea [8, pp. 162—164, Example 11.)
It follows easily that T cannot be p Lusin measurable, else it would differ from
the identity only on a penull, and therefore p measurable, set (see e.g. [8, p. 167,
Assertion 3]). It has been pointed out to the author by S. Kakutani and G. E. F.
Thomas that explicit examples of maps which are Borel, but not Lusin, measur-
able are rare in the literature and nonexistent in standard texts. We remark that
the transformation mentioned above is one such example and the one referred to
in the book of Ionescu Tulcea [8] is another.
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